For an ordinary prime p 3, we consider the Hida family associated to modular forms of a fixed tame level, and their Selmer groups defined over certain Galois extensions of Q(μ p ) whose Galois group is G ∼ = Z p Z p . For Selmer groups defined over the cyclotomic Z p -extension of Q(μ p ), we show that if the μ-invariant of one member of the Hida family is zero, then so are the μ-invariants of the other members, while the λ-invariants remain the same only in a branch of the Hida family. We use these results to study the behavior of some invariants from non-commutative Iwasawa theory in the Hida family.
Introduction
The main aim of this paper is to study non-commutative Iwasawa theory along Hida families. Let f k = a n ( f k )q n be a modular cusp form of weight k, level Np r with (N, p) = 1 and nebentypus χ .
We further assume that f k is a p-ordinary (i.e., a p ( f k ) is a p-adic unit) and p-stabilized newform.
Consider the Hida family associated to f k which consists of all p-ordinary and p-stabilized cusp forms whose associated mod p residual Galois representations are all isomorphic. We denote this mod p residual representation byρ, and the Hida family by H(ρ) (see Remark 3.3).
Let μ p n be the group of p n th roots of 1 and μ p ∞ = n μ p n . The False- For each modular form g ∈ H(ρ) consider the Selmer group attached to the p-adic Galois representation associated to the form g over the False-Tate extension, the definition of which is given in Definition 2.4. Such Selmer groups over p-adic Lie extensions for elliptic curves have been studied by Coates and Howson [CH] , Hachimori and Venjakob [HV] in the context of non-commutative Iwasawa theory. In particular, Howson has defined the analogue of the classical λ-invariant in [H] , the definition of which we recall in Section 4. In the case of the Selmer groups attached to the False-Tate extension it is just the Λ(H)-corank. We study the variation of these non-commutative invariants when the modular forms vary over a Hida family (see Theorem 4.12). Such a variation has been studied by Emerton, Pollack and Weston in [EPW] for the classical Iwasawa invariants of Selmer groups associated to ordinary p-adic Galois representations of modular forms over the cyclotomic Z p -extension of Q. Tom Weston studied the variation of these classical Iwasawa invariants in more general Galois deformations in [W] . Their studies are largely inspired by the paper of Greenberg and Vatsal [GV] . Our approach is based on the precise link between the non-commutative algebraic Iwasawa invariants mentioned above and the classical Iwasawa invariants for the cyclotomic-Z p extension. It is inspired by the methods in [CSS] and [HV] . In addition, we also use results from [EPW] . The other important ingredients are the description of the images of the decomposition groups at various primes, level lowering results and a deep result of Kato that the Selmer groups of modular forms defined over cyclotomic extensions of abelian number fields are cotorsion over the Iwasawa algebra.
Here is the plan of the paper. In Section 2, we set some notations and recall some preliminaries, and in Section 3 we recall results from Hida theory that we require later. In Section 4 we compute the Λ(H)-coranks of the Selmer groups defined over a False-Tate extension. Finally, in Section 5 we give a nice numerical example, where we show that the μ-invariant of the Selmer group of the Ramanujan Delta function over the field Q(μ 11 ∞ ) is zero. We then use it to illustrate the results we prove.
Notation and preliminaries
LetQ andQ l be fixed algebraic closures of Q and Q l respectively. Throughout, p will denote an odd prime. We fix an embedding Q →Q l for every prime l. Let G l denote a decomposition subgroup above a prime of l given by this embedding and I l denote its inertia subgroup. Let Frob l denote the Frobenius element in G l /I l . The p-adic cyclotomic character is denoted by χ p .
Throughout, we use the notation F = Q(μ p ). For any number field L, we denote by L cyc the cyclo- 
with the following properties:
The representation ρ f is unramified at all primes l Np, and 
By the Chebotarev Density Theorem it follows that det(ρ f
is absolutely irreducible. It follows that, up to conjugation by
which we now fix (cf. [C2] ).
Let L be any pro-p, p-adic Lie extension of F . Let Σ = any finite set of places of F containing the prime above p, all archimedean places, all primes ramified in L and all places dividing the tame level N of f . We denote the maximal extension of L which is unramified outside the set Σ by L Σ . For a prime v of L we write v | Σ if v lies above a prime in Σ . For a prime v of L, we fix a compatible set of restrictions of v at all finite layers of L over F . We denote by L v the union of the corresponding completions at the finite layers.
We then define
where
Remark 2.5. The Selmer group Sel(L, A f ) depends upon the lattice which we have chosen.
We regard Sel( 
/a, and I(K(a)) denote the integral closure of K(a) in its quotient field (this is denoted by T in the proof of [EPW, Proposition 2.2.4]).
Let V denote a two-dimensional vector space over the fraction field of
on which ρ a acts via its residual representation, and let M be a rank two
, it follows that the injection, Hi1, Corollary 3.7 ] that corresponding to the classical height one prime P, there is a normalized eigenform, say f P , of tame conductor N. Then the representation V (P) is equivalent to the representationρ P attached to the newform f P . In other words, the representation associated to f P comes from the residual representation of ρ a . We refer to the set of these modular forms as the Hida family ofρ, denoted by H(ρ) (see [EPW, Definition 2.4 .3] also). In particular, all the residual representations of the modular forms in H(ρ) are isomorphic toρ.
As in [EPW] , we want to compare the Iwasawa invariants of Sel(F
f and g are two modular forms in H(ρ). I would like to thank the referee for following approach leading to the proof of Proposition 3.7. In fact, the following lemmas required to prove this proposition are well known.
has finite kernel and cokernel.
Proof. This follows directly from the fact that A f is cofinitely generated; cf. [HM, Lemma 3.3] for details. In fact, using the fact order of is coprime to p we even have an isomorphism, but we do 
obtained from the restriction map as in Lemma 3.4, (6) and (7) has finite kernel and cokernel.
Proof. Applying Lemma 3.4 to each of the twist A f ⊗ ω i and using the isomorphisms in (6) and (7) 
Iwasawa invariants over the extension F
where m is p-power free. We have the following diagram of fields. [HV, Lemma 3.9] . Lemma 4.1. 
then F ∞ is unramified outside S, and if v is a prime of F ∞ not lying above any prime in S, then G(F ∞ /F ) v is a pro-p group topologically generated by the Frobenius and hence
Our aim in this section is to study the behavior of these non-commutative Iwasawa theoretic invariants in the Hida family H(ρ). We will use analogues of the results in [CSS] to reduce the study of the Λ(H) ranks to the study of the cyclotomic-λ invariants. 
Recall the notationÃ f = A f /F + A f from Section 2. In view of Proposition 4.3, we then have the 
By Definition 3,
. This map is also the composite of the following maps
of which the first map η is surjective as H
. Therefore the image of the restriction map res is nothing but H
Now, the above two equalities along with the inflation-restriction sequence and the fact that
Tate duality (cf. [NSW, Theorem 7.2 .6]), we have
Then by taking direct limit we get H 2 (E,Ã f ) = 0. Hochschild-Serre spectral sequence now gives
Applying snake lemma to the previous commutative diagram gives us
11), and (12) .
Since H v p and G are procyclic, this gives
This completes the proof of the lemma. 2
Proposition 4.5. Let X(F
Proof. The proof follows by an easy diagram chase in the fundamental diagram on observing that ker β and coker β are finite. 2
We next study the O f ,℘ -coranks of the local cohomology groups and show that they are the same for all the members of the Hida family. This is done by determining the O f ,℘ -coranks of each summand in the direct sum. Proof. Let l denote the prime in Q lying below v in F , and w be the prime above v in 
Proof. If v S m with v = v p , then by Lemma 4.1(i), H v is finite, hence
On the other hand, if v | S m and v = v p , then by Lemma 4.1(iii), 
Ifρ| G F cyc v = the identity matrix, then we have
On the other hand, ifρ| G F cyc v 
This completes the proof of the lemma. 2 
Lemma 4.8 (Ramified Principal Series). Let q = p and ord
q (N) = ord q (C) > 0,corank O f ,℘ H 1 H v , A f (F ∞,v ) ∼ = 1 if δ q, f | v ≡ 1 mod π, χ| G F cyc v = 1 and v | S m , 0 otherwise.
In particular, if g is another member of H(ρ), then
Proof. By Theorem 2.2 on restricting to the decomposition subgroup G q , we have 
as a character of G(Q(μ Np r )/Q) ∼ = (Z/Np
Hence, we have the following 
Moreover, if g is another member of H(ρ), then
Proof. By Theorem 2.2, ρ| G q is ramified and is equivalent to an upper triangular matrix
The image of the inertia subgroup is known to be infinite in this case, so that the entry * is not zero on restricting to G F cyc v
Next, let g be any other form in the same Hida family ofρ. Then, as shown in the proof of Lemma 4.8, it follows that q is a prime where the local Galois representation of g is also Steinberg at the prime q. If
0 otherwise, and the lemma is proved. 2
Lemma 4.10 (Others). Let q
Proof. In this case it is known that the inertia subgroup I q acts irreducibly on V f . There- 
This finally completes the comparison of the O g,℘ -coranks of the local terms which we sought to compare when g varies over all the members of H(ρ), and we have the following theorem. Further, let
then: (H) λ f +2m gd +n gd +m pr +m st with finite cokernel.
Proof. The first statement is nothing but a collection of all the cases considered under the various headings of primes which are Good, Ramified Principal, Steinberg, and Others, and using them in Eq. (13). The second statement follows from the usual structure theorem for torsion modules over the 
Proof. The only thing to be noted here is that for g, h in the same branch of H(ρ), we have shown in [S,R] ) which goes a long way towards proving the Main conjecture. 
L-function for E over F as defined in [MSwD] . Then 
where the symbol ∼ means that the two terms differ by a p-adic unit. The following lemma follows easily from [G3, Proposition 4.14] . As a corollary, we have the following theorem. 
Proof. (i) By the remark above, g(0) = 0. Together with Theorem 5.1 it follows that g(0) is a p-adic unit. From (21), the remark above and the fact that |Sel(F cyc , E p ∞ ) Γ | is a power of p we see that
From this we conclude that Sel(F cyc , E p ∞ ) = 0 by Nakayama's lemma.
(ii) For the p-adic L-function of E over F recall from [MSwD] that
where ψ runs over all the characters of G(F /Q) and f E ⊗ ψ denotes the modular form f E twisted by the character ψ . Now, as p is a prime of split multiplicative reduction for
. By the hypothesis, it now follows that g(0) is a p-adic unit and hence as above Sel(F
We recall some results on Modular symbols due to Manin [M1] (see [M1] for details). These will enable us to compute the special values of L-functions. From now onwards we take E to be a modular curve X 0 (N) of genus 1. We continue to denote the cusp form associated to E by f E and its twist by a character ψ by f E ⊗ ψ . Let Ω ± = γ ± ω, where ω is the Neron differential of the curve, and γ + (resp. γ − ) ∈ H 1 (E(C), Z) is a generator of cycles invariant (resp. anti-invariant) under com-
Consider the function
where a n = a, a n−1 , . . . , a 0 = 1 are the successive convergents of b/a. Then the following formula has
where G(ψ) is the Gauss sum for ψ , and f E ⊗ ψ = a(n)ψ(n)q n , the twisted form. This value is shown to be related to the
in [AV, M2, V] (see [MTT] also), by the formula
with α p as the p-adic unit root of
is the usual L-function for f E ⊗ ψ . Using the formula (25) get
5.1. The curve X 0 (11) and p = 11
Let E = X 0 (11), N = 11 and f E denote the cusp form of weight 2 associated to E. The prime p = 11 is a prime of split multiplicative reduction for E and it is an ordinary prime for f E . Let F = Q(μ 11 ) and put G = Gal(F /Q), so that G ∼ = (Z/11) × . Let ψ be the character of G which maps the element 2 + 11Z to ζ , where ζ is a primitive 10th root of unity. Then
The remaining values and powers of ψ can easily be determined from these values.
We compute the values of x
) by using the formulas in (23) and (24) The various values of the p-adic L-functions at T = 0 computed using the formula in (27) are given below,
It is easy to see that i =10 L( f E ⊗ ψ i , Q)(1) = 0, and it is also known that L( f E , Q)(1) = 0, therefore L( f E , F )(1) = 0. Hence Sel(F , E 11 ∞ ) is finite and g(0) = 0.
Further,
i , Q)(0) ∼ 128000, which is an 11-adic unit. Therefore, the element Further, it follows from the fact that f E is the only newform of weight 2 and level dividing 11 that the Galois representation associated to the Hida family of f E is a Galois representation into GL 2 (Λ) (see [EPW, Example 5.3 .1]). Hence, the mod 11 residual representationρ is ρ : G Q → GL 2 (F 11 ).
The residual representationρ is 11-distinguished. Thus, all the conditions on the residual representation, as in Section 4.1, that we require to define the residual Selmer groups are satisfied. In general, it might be difficult to compute the numbers m gd and n gd for a given False-Tate extension. However, since the integer m that occurs in the definition of the False-Tate extension is at our disposal, we can compute these invariants in some special cases. For example, take m = 1123. Then m is prime with m ≡ 1 (mod 11), so that m splits totally in F . Therefore, if v denotes a prime of F lying above m, then F v = Q m . It is also easy to see that τ (1123) ≡ 2 (mod 11) where τ (n) denotes the nth Fourier coefficient of . Let a n denote the nth Fourier coefficient of f E . 
